Abstract. Let l ≥ 2 be a prime, p a prime ≡ 1(mod l) and γ a primitive root (mod p). If an integer D with (p, D) = 1, is an l th power nonresidue (mod p) then D
Introduction
Let e be an integer ≥ 2, and p a prime ≡ 1(mod e). Euler's criterion states that for D ∈ Z and (D, p) = 1, for some e-th root α( ≡ 1) of unity (mod p).
As an example for p ≡ 1 (mod 3) one considers the integer solutions L and M of a quadratic partition (Gauss system)
and Euler's criterion for e = 3 is given by following conditions: For D ∈ Z coprime to p, we have
otherwise.
Here Jacobi sum is J(1, 1) = 1 2 (L + 3M ) + 3M ω, where ω = e A problem concerning Euler's criterion is to determine for a given e-th power nonresidue D(mod p) an e-th root of unity α(mod p) in terms of the solution of the corresponding Diophantine system so that D p−1 e ≡ α(mod p). One may also consider the problem of obtaining congruence conditions on the solutions of the corresponding system so that D p−1 e ≡ 1(mod p), i.e., D is an e-th power residue (mod p). In the literature this problem has been discussed for some small values of e with different approaches. Some times people use certain quadratic partitions of primes to obtain the concerned conditions. When e = 2, the result is well known in terms of Quadratic reciprocity Laws, Gauss establishes for e = 4, Western and Lehmer establishes for e = 8, and for e = 16 and 32 it has been established by Hudson and Williams [3] . Lehmer solved this for e = 3 and D = 2 [6] and Williams for e = 3 and every D ∈ Z with explicit results when D a prime ≤ 19 [10] . Again Lehmer considered this problem for e = 5 [6] , derived (cubic) expressions for fifth roots of unity (mod p) from the solutions of (4). She established Euler's criterion for D = 2 and D = 4. Williams [11] used the same expressions for fifth roots of unity to solve the problem for every D ∈ Z with explicit results for D = 3, 5. Later it was found by Katre and Rajwade [4] that these expressions of fifth roots of unity are not always well defined. They obtained correct expressions for them and solved the problem of Euler's criterion for e = 5 and every D ∈ Z with explicit results for 2, 3, 5, 7. Lehmer used Jacobsthal sums to derive an expression for a fifth root of unity (mod p) whereas Katre and Rajwade used Jacobi sums. We considered the case e = 7 [8] and e = 11 [5] 
One may encounter the level of complicacy for large values of e, even for e = 7, 11 while dealing with the concerned available quadratic partitions. However such type of quadratic partitions are not seen for e = 13, 17 etc but Jacobi sums of order e exists and is easier to handle with certain basic concepts of Cyclotomic fields.
In this paper for e = l a prime and ζ l = e 2πi l , establish the Euler's criterion for l th power nonresidues (mod p), when Z[ζ l ] is a PID and have given necessary and sufficient conditions for an integer D coprime to p to satisfy one of the equations (1) and (2). This paper is a sort of unifying the earlier published works e. g., l = 3, 5, 7, 11 etc along this line.
Preliminaries
Let l be a prime ≥ 3, p a prime ≡ 1(mod l) and ζ l = exp(2πi/l). Then the ring of integers of the cyclotomic field
It is known that 1 − ζ l is a prime element in
We define the character χ l on (Z/pZ)
where F p denotes a field of size p. J(i, j) l is called a Jacobi sum of order l. To know more about Jacobi sums one can refer to the book [2] .
Now by Stickelberger theorem [9] 
, then ψ is an associate of the Jacobi sum J l (1, 1) of order l i. e., J l (1, 1) = uψ for some unit u ∈ Z[ζ l ].
Remark 2.1 :
3. Some Lemmas
Proof. See [7] .
2 ), where b = a 1 + a 2 + · · · + a l−1 and c = a 1 + 2a 2 + · · · + (l − 1)a l−1 . As α ≡ 0 (mod (1 − ζ l )), so b ≡ 0(mod l). Now let a be a primitive root (mod l), then there exists a unique 0 ≤ d ≤ l − 2 such that a d b ≡ −1 (mod l). Thus we have
2 ) and so for 1 ≤ i ≤ l − 1 we have
2 ).
Thus we have
Thus by the lemma 3.2 we get φ = J l (1, 1) and hence J(1, 1) = (−1)
Outline of the method
In this section we discus about the Euler's criterion for l th power residues and nonresidues (mod p) for p ≡ 1 (mod l) in the case when Z[ζ l ] is a PID. , as follows:
2 ) is congruent to a rational integer. Then for a ∈ Z, (l, a) = 1, we have (θ, a) = 1 =⇒
Conjecture 4.2 :
For l ≥ 3 a rational prime, the sum
(by Eisenstein's Reciprocity law).
(
. Now by Eisenstein's Reciprocity law,
Now for the converse part assume that
. Also assume that for some 1 ≤ j ≤ l − 1,
Then again by Eisenstein's Reciprocity law we have
. Thus referring to the Conjecture 4.2 we have j ≡ 1 (mod l) and hence
From [8] we have follwing two Lemma's. (ii) If 2 is not an l th power (mod p), Ind γ 2 ≡ 1(mod l) if and only if a l−2 (1) ≡ 1 (mod 2).
Conclusion and Future work:
This paper answers the question of Euler's criterion of prime order l, in terms of formulae involving a Jacobi sum of order l in the case when the ring of integers in Q[ζ l ] is a PID. It is also expected that same formulae is true in the case when the said ring of integers is not a PID and this is a Future scope in this line.
